Int. J. Adv. Res. Sci. Technol. Volume 1, Issue2, Dec-2012, pp 130-134

ISSN 2319 — 1783 (Print)
ISSN 2320 — 1126 (Online)

International Journal of Advanced Research in
ﬁZARST Science and Technology

journal homepage: www.ijarst.com

M easures of Maxima & Minima of a Cauchy Random Polynomial

A. K. MansingH, P.K.Mishr&, B.Sahd, S.B.Sahd

! Department of Mathematics, MITM, BPUT, BBSR, ODISHA, INDIA.
2 Department of Mathematics, CET, BPUT, BBSR, ODISHA, INDIA.
3 Department of Mathematics, AIET, BPUT, BBSR, ODISHA, INDIA.

*Corresponding Author’'s Email: ajeykrushna@ gmailboen

ARTICLEINFO

ABSTRACT

Article history:

Received 20 Dec. 2012
Accepted 28 Dec. 2012
Available online 31 Dec. 2012

Keywords:

Independent identically distributed
random variables,

random algebraic polynomial,
random algebraic equation,

real roots.

The aim of this paper is to estimate the numberaf zeros of a Cauchy
random polynomial under different condition whee ttoefficients belong

(X)w'

n

GV

to the domain of attraction of Cauchy law. L%’t be a Cauchy
random algebraic polynomial of degree n, whose fiefits G (X)'s
identically distributed independent random variableelonging to the
domain of attraction of Cauchy distribution. Thdrere exists a positive
integer B, such that for n>) the number of real roots of most of the

36, 00w
equation r=

u
atmostn:."" wherep andy’ are positive constants and 0<s<1.

=0 is atmostu (log n)? except for a set of measure
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Introduction:

domain of attraction of Cauchy law both in strongla
weakl sense.

Let N, (X) be the number of maxima & minima of 1.2. Theorem 1:

n
the random algebraic polynomEQ(X)V\/ , Where the
r=0

coefficients y (u)’ s are independent random variables.
Samal [3] has considered the general case whéX)G
are identically distributed normal variates with ane
zero, variance one and third absolute moment fiaite
non-zero. Evans [1] has studied the strong versfdhe
upper bound of N(X) when the coefficients are normal
variates. Samal and Mishra [4] have consideredifpesr

Let Zn:Gr(X)W’ be a random algebraic
r=0

polynomial of degree n, whose coefficients(&)'s are
identically distributed independent random variable
belonging to the domain of attraction of Cauchy
distribution. Then there exists a positive integgrsuch
that for n>p, the number of real roots of most of the

equationzn: G, (X)W’ =0 is atmostu(log ny except

bound N (X) when the coefficients are identically =

distributed symmetric stable varieties. But we gae
estimate for an upper bound of, KX) both in weak and — I
strong sense when the coefficients belong to theailo
of attraction of Cauchy distribution. Mishra, Nayakd
Pattnayak[2]consider théower bounds of the number of
real roots of a random algebraic polynomial and @et
. Inthe following theorems we give an
estimate for upper bound of the number of real zefa
random polynomial, when the coefficients belonghe

better result
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for a set of measure atmost H wherep

no
andy’ are positive constants and 0<s<1.

1.3. Theorem 2:
Let Zn:G,(X)W’be a random algebraic
r=0

polynomial of degree n, whose coefficients(&)'s are
identically distributed independent random variable

A. K. Mansingh. et. al Page| 130



Int. J. Adv. Res. Sci. Technol. Volume 1, Issue2, Dec-2012, pp 130-134

belonging to the domain of attraction of CauchyLemma 1.2

distribution. Then there exists a positive integgrsuch
that for n>R, the number of real roots of most of the
equationz”: G (X)W =0 is atmosp(log nf except for a

r=0

set of measure atmost M herep and ' are
1-s !
no
positive constants and 0<s<1.

1.4. Corresponding to each root of f(x) =0 in (0, 1).
There exists a root of f (-x) =0 in (-1, O)dan
conversely. Again f(x) =0 has a root in (), implies X f
(G) =0 has root in (0, 1) where G=18ambadham [5]
consider the number of real zeros of a random adgeb
polynomial in the interval (0, 1). The number ofaein

the interval («, «) and the measure of the exceptional

set will be each four times of the correspondintgrestes
for the range (0, 1). We choose a fixed numbergatgr
than 1/log 2 and let k= [p log n], where [p logddnotes
the greatest integer not exceeding p log n. Weidens
circles Cm, m= 1, 2 k p log n with center

1) and radius
%)

1 1

2"
=)
2(2"1 J - ol
ro=1/n when ¥=1. The circles ¢ C,, G, G log
n cover the closed segment [1/2, 1]. LCgtbe the circles
concentric with @ and of double the radius ,C
Therefore all T, are interior to zf“gj The
n
characteristics functiod(t) of a distribution belonging
to the domain of attraction of the Cauchy distributis
given by

o(t=exq-ath(t)
where h(t) is a slowly varying function ast

or  @(t)=exd-GfH(?)

where H(t) is a slowly varying function as0.

1

)and in the special case

15. We need the following lemmas for the proof of
the theorem.

Lemmal.l

If G(X) is identically distributed independent

random variables belonging to the domain of

attraction of the Cauchy distribution, then

o) o) . =

Plax)| <} < 7 - =
[+sjcr=  [1-s)crs

Proof: This is the direct consequence of the pape

Mishra, Nayak and Pattnayak [8nce the exponent”
of stable law takes value 1 in Cauchy law.
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If the random variable y(u) belong to the
domain of attraction of Cauchy law, then for s>0,

P{c(x)| < n}=<

1-s

Proof:
Mishra, Nayak and Pattnayak B} puttingo=1.

1.6. Proof of the theorem.
Let us consider the circle,Gvith Zg=x,, R=2,,
r=r,, and N, (u) be the number of real zeros of

Zn:Gr(X)W' (1.2)
r=0
Then applying lemma 1.2 we have,

zmax |G (2)]
sl+%

(1.2)

N (X) <2

lo
og 2 9

G(xp,)

By using lemma 1.1 we have for s>0,
P{c,(x)|> (n+1)*,0<r<n}

- K
(n + 1) 2-s
Thus Fﬂ y (u)s (n+ 17 ,0<r< n}(l.S)

(for s = 3s)

1- n (1.4)

(n + 1) 2-s
If G(2) is a regular function in a circle with centz and
of radius ‘r, if follows from lemma 1.2 that outi® a set

a measure atmost

u (1.5)
(n +1)°°
Now using lemma 1.1, for s>0, we have
1
Therefore 6, (X )]s = (1.6)

except for a set of measure atmost
r(ij r(lj (Puttingp=1+s,v=1-s)

20 \B) L Wwlag

™olxr e

Again it follows from above

P{\G(xo)\ sis}
n

()" ) oo
{

U

n5+l//3

4
n

1 +
(n + 1)1/,6

1

< H
(n + 1)1/V

-

}

< (1.9)

1
;I'herefore, ‘G(Xo)‘ < = (1.10)

except a set of measure atmost
u .

n 5+1/ 8

(1.11)
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Hence using (1.4), (1.5), (1.9) we get from (1.2)So

that outside a set of measure atmost
u

a2 )]

The number of zeros of f (x) in,3s atmost
log€ (n+1)°n° _ 2+ 4log(n+ )+ Slognu
log2 log2
=u logn,form>0.
Again using (1.4), (1.5), (1.11) we get from (1.2)
that outside a set of measure atmost
I L
(n +1) 2-s 5+1
the number of zeros of f(x) inCis atmost
2 4 .5
log(e*(n+1)*n = log n
log 2

Considering the circles£C;, Co............ Cq, G log n
the total number of zeros inside all the circleatimnost

u(k +Dlogn <p,(logn)* (1.12)
except for a set of measure atmost
R

n5+1/[?

(1.13)

1.6. Let,
logn
Tog2 n 1] 1B N g v

L= i{[Z[l‘ 2% ) ] +Z(1‘ 271m J }Now we have,
[u="

r=0

F

log

log 2
+

e

n g v
)
= 2"

Again using the inequality (1-Xx1-nx when
n< Oorn>1ifor |x|<1lr#0

log n
2 log 2

. 1\* E
s-2)] -3
r=0 r=0

we have
B
3 o2
2m 2m
zﬁm (1.16)
Therefore from (1.15), (1.16) we have, in S
pn
" 1yt (1_ %j
1- > —
% (1 o) i
2m
Now taking the 1st part of S, ,
log n ~1/p
log n n 1 B
1_
ml{[;)[ 2rn j j }
n CL/B
log n 1 — (1 — lj
log n
<3 n

(Proceeding similarly as™part of S)
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S

=1

1
n5 < F(:ul"',uz) = F(l-lg)
Now taking the T part of $

plog n n 1 g\ B
1-
logn {[Zo ( 2" ] }
log 2
plog n 1 pn) LA
< i —
'ng"m{n(n nj }
log 2
logn
—ﬁ (whereD >1)
‘logn
£ (1.20)
Now taking the 2 part of $

So by the help of (1.19) and (1.22) we get from
(1.13) that, the measure of exceptional set is
atmost.

1.7. Now applying the procedure of Samal and Mishra
[4] we consider the sequent (0,1/2) we take aeindth
center zero and radius Y.
The circIeM <1 is interior to the circlqz‘ <1 .
2

Applying lemma 1.1 with &0, r=1/2, R=1, we have the
number of zeros of f(x) in the circle C i'ﬁ\'<} does
T2

not exceed
1 f(2)
2| maX Tw\} (2
we know from (4.3) that

U
(n+n*°

Ply, ()|<(n+120<r<n}>1-
Sooutside asetof measuratmost
7
12
(n+DZ @29
We have,

max | f (2] < max

|z]<1 |z]<1
< zn: (n+2)°1
r=0

< pu(n+1)° (1.26)
By using lemma 1.1 we obtain that

1 logn
P{\ f(0)|< F} < % (1.27)

[Since 2-s<5, for s>0 and log n<n 1Alog n/(n}]

So using (1.25), (1.26), (1.27) we get from (1.24)
that the number of zeros inside the circle C’' does
not exceed

log n®
log2
Outside a set of measure atmost
U +,ulogn <,ulogn (1.29

(n + :D 2-s nz—s n2—s

NIAOE

< plogn < u (logn)®n (1.28).
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1.8 In case Hu) and hence f(0) is zero with positive By using lemma (1.1), we get that

probability, we take a circle with centef, _ 1) and (1.40)
wherep=1+s,v=1-s

radius % .Thus the circlg —qf < (1-) is interior to the ~ " {‘y (W)= L} (1.41)
. . ' n

circle 2< (1) . Now considering the procedure of Samal except for a set of measure atmost

and Mishra [4] and applying lemma 1.1 with So

7 =¢.r =+ R=(1-0), the number of zeros of f(x) in the except for a set of measure atmdsf
r I 21

circle C”, i.e.|z-qf < (1/2) does not exceed form=1,2,3,..........k, p log n.
It (2)] Similarly
I = Since 1p<1/iv] or >
> m\awxl f (0) 1300 We know from (1.25) [ p<in] \f(xm)\ 21/n
log {2(1- o)} (1.30) except for a set of measure atmost
and (1.26) that outside a set of measure atmost %/p (1.45)
K A n”
D () (1.31) By using (1.38), (1.39), (1.43) we get from (1.2)
. (1.32) that outside a set of measure atmost
npz‘gﬁf(z)\ <p(n+1) The number of zeros of f(x) in,ds atmost
By using lemma 1.2, we have log (i;n; Dn _ u logn,forn >0
Therefore 1 Using (1.38), (1.39), (1.44) we get from (1.2) tbatside
[t to > = a set of measure atmost
excepftfor a setof measur atmos woo, o
,LI|Ogn 1 34 (n +1)2—s n1+1/B
ns (1.34) The number of zeros of f(x) ingds atmostu log n, for

So by using (1.31), (1.32), (1.34) we obtain fromm=0. Considering all the circles,CC;, C,....... C. G
(1.30) that the number of zeros inside the circlelog n the total number of zeros inside all the lescis

C” does not exceed atmost.
logur® , u(k + 2)logn < p(logn)?(1.46)
log2(1-0) <wlogn<4logy (135 except for a set of measure atmost
Outside a set of measure atmost - i (1.47)
T .
Y7 _ +,u|gfgn<,ulggn (1.36) ) 1+ 5
(n+)*° n°3 n“s .
. . 1.11. Consider the sum
1.9 Now let us consider the number of real zerqsrN 1
the whole interval (0,1). From the sections (1(8)7), =H(31+52)
(1.8) that MN<(log ny. Following the procedure adopted in section 1.6gete
Outside a set of measure atmost
i plog n . p’ Therefore from (1.47) we obtain that the
w nh¥® n e measure of the exceptional set is atmost (Since
(since for large n, log ) log n<r’ for large n, 0<s<1)
< W ,where 1>s>0. 112
no*™® It has been calculated in theorem 1.1, sectiory aid
1. 10. Proof of thetheorem 1.2 1.1.8 that the number of zeros in the segmentZPddes

We cover the closed segment [1/2, 1] by thenot exceedp (logn)®.Outside a set of measure atmost
circles mentioned in the section (1.3), we have U logn

already established in (1.3) that PR
P{Jy,(u)\s(n+1)3,05rsn} n
U whenislessthan H
>1-—F (1.37) 1 -
(n+1) nt~S
Therefore except a set of measure atmost Therefore considering the number of real zeroshia t
(n+#1)2‘5 (1.38) whole interval (0, 1N, < p (logn) 2.
We have Outside a set of measure atmost u where
e (1.39) nl-—s
maxi0/=e" (0
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